coding of moving images. The algorithm has not been compared to adaptive quantization, since we feel that both should be cooperating rather than competing schemes. Further interests of future research are general stability conditions for the correction factor and the optimum choice of the window for the short-time expectation operator.
Bemd Girod was born in Bielefeld, Germany, on December 1, 1957 Absfruct-We present a new direct method of estimating the threedimensional motion parameters of a rigid planar patch from two timesequential perspective views (image frames). First, a set of eight pure parameters are defined. These parameters can be determined uniquely from the two given image frames by solving a set of linear equations. Then, the actual motion parameters are determined from these pure parameters by a method which requires the solution of a sixth-order polynomial of one variable only, and there exists a certain efficient algorithm for solving a sixth-order polynomial.
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tions of the eight pure parameters. Thus, only a few arithmetic operations are needed.
I. INTRODUCTION
N the past, most work on motion estimation has been restricted to two-dimensional translation. Recently, Roach and Agganval [l] tionship between temporal and spatial differentials of image intensity. This method results in the solution of eight simultaneous nonlinear equations. In none of the above works was the question of the uniqueness of the solution to the nonlinear equations investigated. In this paper, we present a new direct method of estimating three-dimensional motion parameters of rigid planar patches. We define a set of eight pure parameters and demonstrate, using the theory of the Lie transformation group, that given two pictures, these pure parameters are unique. As for the estimation procedure, we first show, using the converse of the second Lie theorem [IO] -[ 131, that these eight pure parameters can serve as the coordinate system of a certain Lie transformation group. Then, we use the result in [IO] -[IS] to show that these eight pure parameters must satisfy a set of linear equations. Furthermore, the real motion parameters can be computed from these pure parameters by solving a sixth-order polynomial.
Our new direct method has several advantages. First, it requires the solution 0f.a single sixth-order polynomial of one variable only. Second, it demonstrates that more than one solution may exist, and therefore answers the uniqueness question. Third, in the special case of three-dimensional translation, the motion parameters can be expressed directly as some simple functions of the eight pure parameters. Therefore, only a few arithmetic operations are needed.
THE BASIC MOTION EQUATIONS
We are interested in estimating three-dimensional motion parameters of rigid and deformable bodies from time-sequential perspective views (frames). Throughout this paper, we shall assume that we work with only two frames at times t l and The basic geometry of the problem is sketched in Fig. 1 .
t2 (tl < t2).
Consider a particular point P on an object. Let (x, y , z ) = object-space coordinates of a point P at time t l (x!, y', z') = object-space coordinates of P at time t2 ( X , Y ) = image-space coordinates of P at t l ( X t , Y ' ) = image-space coordinates of P at t 2 .
It is obvious from Fig. 1 that
Assume that, from time tl to t2, the three-dimensional object has undergone translation, rotation, and linear deformation [8] . Then, we have 
E l ; s E ] + R [ ] + E g
Note that (Ax, Ay, Az) is the amount of translation, S is the linear deformation matrix, and (R + I ) , where I is a 3 X 3 unit matrix, is the rotation matrix. The rotation is around an axis through the origin and with directional cosines ( n l , n2, n3). The amount of rotation is 8. Therefore, the q l , cp2, q3 defined in ( 5 ) are the x , y , and z components of the rotation vector with length 8 and directional cosines (nl, n2, n3).
Clearly, (2) represents an affine transformation
Conversely, any affine transformation can be decomposed as in (2). We now specialize to the case of a rigid planar patch. Then ( 1 1 ) becomes
MOTION OF PLANAR PATCHES
Equation (10) defines a mapping from the two-space (X, Y ) onto the two-space ( X r , Y'). It will be shown in Section I11 that corresponding to any specified mapping between the twospaces, there can be only one set of values for the parameters al , . * * , as. We call them the eight pure parameters. In Section I11 we shall also describe a method of determining these pure parameters from the two given image frames.
Once we have determined the pure parameters a, , a2, -. * ,as, we can attempt to find the actual motion parameters A x , A y , A z , cpl, cp2, (p3, a, b, and c by using (12). First of all it is obvious from looking at the right-hand sides of (12) that A z is a scale factor which cannot be determined. We therefore let
The unknown motion parameters are now Ay" = -h 6 h r r 3 t h2 AX"' -h6AXr' t hz
To find the motion parameters, we first solve (14) for Ax". Then the others are obtained from (17). Since (14) is a sixthorder polynomial equation, we can have potentially six real roots which give us six solutions for the motion parameters. For all the numerical examples we have tried, only two real roots are found for (14). One such numerical example follows. 
We mention in passing that an efficient iterative method for finding the real roots of a sixth-order polynomial equation is given in [7] .
For the special case of three-dimensional translation, the results are considerably simpler. From (1 2), we get
( 1 8) Therefore, only a few simple arithmetic operations are needed.
IV. DETERMINING THE EIGHT PURE PARAMETERS We now go back and examine (10). For a particular set of values for the parameters (al, a2, . . * , as), the equations represent a transformation which maps the two-space (X, Y ) (the coordinate space of our image frame at time tl) onto the twospace (X', Y') (the coordinate space of our image frame at time t2). Let us consider the collection G of transformations corresponding to all (al, a2, . . * , as) E R8. We shall show that it is a continuous (Lie) group of dimension eight, and that to any given mapping from the ( X , Y)-space onto ( X f , Y')-space corresponds only one set of values for (al, a2, . . , as). Furthermore, we shall describe a method of determining the pure parameters (al, a2, . * , as) from a given pair of image frames at times t l and t 2 .
In classical continuous group theory, it is known [ 131 that G satisfies the four group axioms, namely, closure, existence of inverse and identity, and associativity. Furthermore, the composition function for the group parameters ai's are continuous. It is also known [13] that the ai's in (10) are essential parameters in the sense that the ai's are functionally independent. However, it is not known whether the ai's in (10) are unique, i.e., whether there can be two different sets of values of ai's such that (10) gives the same mapping ( X , Y ) -+ ( X r , Y'). Because of this reason, it is not easy to verify whether G is a Lie group according to the modern definition since, in modern definition, in addition to the properties satisfied by the classical continuous group according to the classical definition [ 121, [ 131 , several topological properties have to be satisfied, and these properties can not be easily verified unless we are certain that the group parameters ai's are unique.
In the following, we prove that G is strictly a Lie group and that the ai's are unique.
Before we give the proof, we motivate it by the following Considerations. Let us assume that G is indeed a Lie group and that (al, a2, * * , as) is a coordinate representation for the group G. The identity element of the group is obviously e = (1, 0, 0, 0, 1, 0, 0, 0) . Then the operators of the Lie algebra associated with the group G are given by where g is used to represent a member of G. From ( We proceed now to show that G is that group. 
X'
Comparing (10) and (23) shows that G is indeed a Lie group of transformation, and that since the hi's are the canonical coordinates, they are unique, and therefore from (24), the pure parameters al * a8 are also unique.
Let f be' any function defined on the two-space (X, Y ) (in our case, f will be the intensity of the picture elements); then (The implicit assumption here is that the intensities of the picture elements in the image frames corresponding to the same physical object point are the same.) Clearly and substitute into (25) to obtain eight or more equations which are linear in the eight unknowns Pi's. Then we find the least-square solution.
V. DISCUSSIONS
In this paper we have investigated the problem of estimating three-dimensional motion parameters of a rigid planar patch from two image frames. The following results have been established.
1) The fact that we can define eight pure parameters a l , a2, --, aa which are unique for any given mapping from the two-space ( X , Y ) (the coordinate space of the image frame at t l ) onto the two-space ( X f , Y ' ) (the coordinate space of the image frame at t2).
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2) A method of determining the actual motion parameters 991, 992, 993, AX", Ay", a", b", and C from the pure parameters a l , a2, 1 * . , a8 which requires the solution of a sixth-order polynomial of one variable only. Aside from a scale factor in the translation parameters, the number of real solutions never exceeds two.
3) A method of determining the eight pure parameters a l , a2, . * , a8 from the two given image frames. This requires the solution of a set of linear equations only. It is to be noted that 1) and 2) are independent of 3). The pure parameters can be determined by other methods. For example, if one can identify four or more corresponding point pairs in the two image frames, then the ai's can be determined from (10) by solving a set of linear equations. Recently, an alternative way of analyzing the uniqueness problem and estimating the three-dimensional motion parameters has been developed which stems from the results contained in this paper, and requires computing the singular value decomposition (SVD) of a certain 3 X 3 matrix only. The eight pure parameters defined by the authors in this work will again be used. It is briefly mentioned in [6] , and the detailed paper has been submitted for publication.
Finally, the conclusion that the motion parameters are generally not unique is, of course, independent of the method of determining these parameters. The question arises: Are the motion parameters unique, aside from the scaling factor, if the rigid patch is nonplanar? We have solved this problem recently [7] , and will publish it in the near future.
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